Supersolids are characterized by the counter-intuitive coexistence of superfluid and crystalline order. Here we study a supersolid phase emerging in the steady state of a driven-dissipative system. We consider a transversely pumped Bose-Einstein condensate trapped along the axis of a ring cavity and coherently coupled to a pair of degenerate counter-propagating cavity modes. Above a threshold pump strength the interference of photons scattered into the two cavity modes results in an emergent superradiant lattice, which spontaneously breaks the continuous translational symmetry towards a periodic atomic pattern. The crystalline steady state inherits the superfluidity of the Bose-Einstein condensate, thus exhibiting genuine properties of a supersolid. A gapless collective Goldstone mode correspondingly appears in the superradiant phase, which can be non-destructively monitored via the relative phase of the two cavity modes on the cavity output. Despite cavity-photon losses the Goldstone mode remains undamped, indicating the robustness of the supersolid phase.
Introduction.-A supersolid behaves as both a crystalline solid and a superfluid. It spontaneously breaks two continuous symmetries, namely the external spatial translation invariance and the internal superfluid gauge invariance. That is, it simultaneously possesses diagonal (i.e., density) and off-diagonal (i.e., superfluid) long-range orders [1] . This paradoxical state of matter has been predicted almost 50 years ago to exist in solid helium-4 [2] [3] [4] [5] [6] . Despite intensive experimental efforts [7, 8] , supersolidity has not been conclusively observed in solid helium-4 yet [9] [10] [11] .
In a different direction, very recently clear signatures of supersolidity have been observed in weakly interacting ultracold atomic systems. At MIT, synthetic spinorbit coupling was induced in a multi-component BoseEinstein condensate (BEC) [12] . The ground state of the system spontaneously breaks the continuous translational symmetry and forms a density modulated stripe pattern, while maintaining superfluidity of the BEC. At ETH, a transversally driven BEC was symmetrically coupled to two modes of two crossed linear cavities [13] . Interference of pump-laser photons and photons scattered into the cavity modes yields an emergent superradiant optical lattice for the BEC, which spontaneously breaks the continuous translational invariance towards a density-modulated superfluid state. In another experiment at MIT [14] , a BEC illuminated by two noninterfering counter-propagating lasers exhibited collective Rayleigh scattering, resulting in spontaneous crystallization of both matter and light [15, 16] . However, the potential appearance of supersolidity in this system has not been thoroughly investigated yet.
Based on the state of the art in experimental quantumgas cavity QED [17] [18] [19] [20] [21] [22] , we propose a novel scheme to experimentally realize and study supersolidity in a BEC trapped within a ring resonator [23] [24] [25] [26] [27] . The BEC, which is transversely illuminated by a standingwave laser, is trapped along the cavity axis in a quasi one-dimensional geometry and dispersively coupled to a pair of degenerate counter-propagating field modes as depicted in Fig. 1 . This comprises an intrinsically drivendissipative system due to the pump laser and cavityphoton losses [28] . Therefore, the emergent supersolid above the self-ordering threshold is the steady-state of the system. The interesting questions which arise are if and how the supersolid features are modified with respect to thermal equilibrium.
Above a critical laser intensity, the collective constructive scattering of pump-laser photons into the cavity modes results in an emergent superradiant optical lattice. In contrast to the standing-wave linear cavity [29] , the running-wave ring cavity respects the continuous spatial translational symmetry. Hence, the location of the emerging optical lattice is not pre-determined by the cavity mirrors and spontaneously breaks the continuous translational symmetry, similar to the emergent optical FIG. 1. Schematic sketch of a BEC inside a ring cavity. An internal atomic transition |g ↔ |e is off-resonantly driven by a transverse plane-wave laser with Rabi frequency Ω. This transition is also off-resonantly coupled to a pair of degenerate, counter-propagating cavity modesâ± with coupling strength
lattice in the crossed-cavity experiment [13] . Nevertheless, in the latter the continuous symmetry is merely an approximate and fine-tuned symmetry [30] [31] [32] . A similar continuous symmetry breaking can also occur for atoms trapped close to optical fibers [33, 34] . The emergent superradiant lattice drives the BEC into a density modulated state -i.e., a crystalline phasewith the spontaneously broken continuous translational symmetry [see Fig. 2(b) ]. It, nevertheless, inherits superfluidity of the BEC with a long-range phase coherence. Therefore, the resultant steady state in the superradiant phase is a supersolid. As the cavity comprises an open system, the continuous symmetry breaking can be monitored non-destructively in real time via the cavity output, namely via the relative phase of the two cavity modes [17, 18] . In particular, the relative phase takes a random value between 0 and 2π in the superradiant phase, spontaneously breaking the continuous U (1) symmetry [see the inset of Fig. 2(b) ]. In fact, at the onset of superradiance a superposition of field amplitudes with different phases correlated with density fluctuations emerges, forming a highly entangled atom-field state. This state subsequently collapses to a state with a certain random relative phase via quantum jumps induced by cavity photon losses [35] [36] [37] .
Analysis of collective excitations confirms the supersolidity of the superradiant steady state. At the onset of the superradiant phase transition, where the continuous U (1) symmetry is spontaneously broken, a gapless Goldstone mode appears in the spectrum of collective excitations. Unlike all other collective modes, the Goldstone mode remains undamped despite cavity losses (see Fig. 3 ). This is due to the fact that photon losses do not affect the relative phase and preserve the U (1) symmetry. This is in contrast to the supersolid realized in the crossedcavity setup, where the origin of the U (1) symmetry is different and associated with the freedom of the photon redistribution between the two cavity modes [13] . Therefore, photon losses do not respect the U (1) symmetry and should result in damping of the Goldstone mode [38] .
Model.-Consider bosonic two-level atoms trapped along the axis of a ring resonator by a tight confining potential along the transverse directions. The atoms are illuminated from the side by an off-resonant, standingwave external pump laser as depicted in Fig. 1 , which induces the transition |g ↔ |e with the Rabi frequency Ω. Furthermore, the transition |g ↔ |e is also off-resonantly coupled to a pair of degenerate, counterpropagating cavity modesâ ± , with coupling strength G (x) = G 0 e ±ikcx . The cavity modes are initially in the vacuum state. The pump and cavity frequencies, respectively, ω p and ω c = ck c are assumed to be near resonant with each other, but far-red detuned with respect to the atomic frequency ω a .
In the dispersive regime |∆ a | ≡ |ω p − ω a | {Ω, G 0 }, the atomic excited state |e reaches quickly to a steady state with a negligible population and its dynamics can be adiabatically eliminated [28] . This yields an effective Hamiltonian for the atomic ground state and the cavity modes,
with the effective single-particle atomic Hamiltonian density:
Here,ψ(x) is the bosonic annihilation field operator for the atomic ground state. We have introduced the cavity detuning with respect to the pump ∆ c ≡ ω p − ω c , the maximum depth of the optical potential per photon due to two-photon scattering between cavity modes U ≡ G 2 0 /∆ a and the maximum depth of the optical potential per photon due to the two-photon scattering between pump and cavity modes (or the effective cavity-pump strength) η ≡ G 0 Ω/∆ a . Although finite atom-atom interactions are needed to ensure the superfluidity of the BEC, we have assumed them to be negligibly small with respect to the cavity-mediated interactions. This is quantitatively a good approximation for typical cavity-QED experiments, including the recent observation of the supersolid [13] . Finally, the cavityphoton losses with rate κ are included via Lindblad operators in the master equation for the density matrix ρ:
The system possesses a continuous U (1) symmetry, as the effective Hamiltonian H eff and the Lindblad operators are invariant under the simultaneous spatial translation x → T X x = x + X and cavity-phase rotationŝ a ± → U Xâ± =â ± e ∓ikcX . This U (1) symmetry is spontaneously broken in the superradiant phase, as illustrated in the inset of Fig. 2(b) , where â ± acquire non-zero values with arbitrary phases.
Mean-Field Approach and Continuous Symmetry Breaking.-In the thermodynamic limit, where the meanfield approximation becomes accurate [39] , the system is described by a set of three coupled mean-field (Heisenberg) equations for the cavity-field amplitudes â ± (t) = α ± (t) = |α ± (t)|e iφ±(t) and the atomic condensate wave-
where N = n(x)dx is the number of the particles. One can identify N ±1 ≡ n(x)e ∓ikcx dx as the atomic order parameters, dual to the cavity order parameters α ± , which characterize the probability of the photon scattering between the pump and cavity modes with momentum transfer to the atoms along the cavity axis x. Whereas, N ±2 ≡ n(x)e ∓2ikcx dx quantifies the probability of the photon redistribution between the two cavity modes with ∓2 k c momentum transfer to the atoms in the x direction.
We self-consistently find the steady-state solutions of Eq. (2) by setting ∂ t α ± = 0 and i ∂ t ψ = µψ, with µ being the chemical potential. Figure 2(a) shows the absolute values of the rescaled cavity-mode amplitudes |α ± |/ √ N (black solid and grey dashed curves, respectively) as a function of the rescaled effective pump strength √ N η/ω r , with ω r ≡ k 2 c /2m being the recoil frequency. Below the threshold pump strength √ N η c ≈ 1.38ω r , the cavity modes are empty and the BEC is uniform. By increasing the pump strength above η c the system undergoes a superradiant phase transition, where the cavity amplitudes acquire non-zero values
In the superradiant state, the relative phase ∆φ ≡ (φ + − φ − )/2 of the two cavity modes is fixed in an arbitrary value between 0 and 2π and the continuous U (1) symmetry is, therefore, spontaneously broken. This is illustrated in the inset of Fig. 2(b) , where the distribution of ∆φ is shown for 200 numerical runs for a pump strength √ N η = 2.5ω r [indicated by the arrow in Fig. 2(a) ]. The emergent superradiant lattice has the form V SR (x) = 2U |α| 2 cos(2k c x + 2∆φ) + 4η|α| cos(k c x + ∆φ) cos(Φ), with Φ ≡ (φ + + φ − )/2 being the total phase. The spontaneously chosen value of ∆φ fixes the position of the lattice minima and thus of the BEC density modulation, spontaneously breaking the continuous translational invariance and resulting in a supersolid state. A typical self-ordered, λ c -periodic atomic density profile is shown in Fig. 2(b) for √ N η = 2.5ω r with ∆φ ≈ 1.71π [the pronounced black dot indicated by the arrow in the inset of Fig. 2(b) ] and Φ ≈ 0.09π.
The total phase Φ solely modifies the lattice amplitude, except the special case of Φ = π/2 where the lattice spacing is reduced from λ c to λ c /2. Note that Φ is not random as it is invariant under the U (1) phase rotation α ± → α ± e ∓ikcX . The total phase Φ solely depends on κ, while the relative phase ∆φ is independent of κ. This is becuasse photon losses induce equal extra phase shifts for both cavity-field amplitudes. Therefore, the spontaneous U (1)-symmetry breaking and thus the supersolid order persist even in the presence of dissipation.
Collective Excitations and the Goldstone Mode.-Let us now turn our attention to elementary excitations of the system, which include quantum fluctuations of both condensate wavefunction δψ(x, t) = δψ
iω * t and cavity-field amplitudes δα ± (t) =
± ] * e iω * t above the mean-field solutions ψ 0 (x) and α 0± (with the corresponding chemical potential µ 0 ). Linearizing Eq. (2) yields Bogoliubov-type equations for the quantum fluctuations [24, 41, 42] ,
where N (0) ±2 = n 0 (x)e ∓2ikcx dx and we have defined A ± (x) ≡ U α 0± + α 0∓ e ∓2ikcx +ηe ∓ikcx for shorthands. The Bogoliubov equations (3) can be recast in a matrix form,
where f = (δα
T and M B is a non-Hermitian matrix; see the Supplemental Material for the details [40] . The eigenvalues ω of the Bogoliubov equations (4) yield collective excitation spectrum of the system. We numerically solve Eq. (4) in one unit cell (of length λ c ) with periodic boundary conditions to obtain the collective excitations ω. Figure 3 shows the real part of the six lowest-lying excitation frequencies as a function of the effective cavitypump strength √ N η/ω r . At small pump strengths, the excitation spectra are weakly dependent on η and each branch is doubly degenerate. The lowest four collective excitations at frequencies ∼ ω r (solid blue and dashed red curves) and ∼ 4ω r (dotted orange and dashed-dotted brown curves) correspond to mainly atomic fluctuations with momenta ± k c and ±2 k c , respectively. The highest two modes (dashed-dashed-dotted black and dotteddotted-dashed gray curves) at frequencies ∼ −∆ c +U N = 7ω r are mostly photon-like fluctuations.
By increasing η the collective modes are increasingly mixed with each other and begin to split up. In particular, the lowest excitation softens and the excitation gap closes at the pump strength √ N η G ≈ 1.37ω r . By increasing pump strength beyond η G , the lowest excitation splits into two branches. The lower one (solid blue curve) remains pinned at zero energy, signaling that it is a gapless Goldstone mode corresponding to the spontaneously broken continuous U (1) symmetry. The gapped branch instead corresponds to a Higgs amplitude mode. These are reminiscent of the recently observed Goldstone and Higgs modes in the crossed-cavity experiment [38] . The Goldstone mode in the crossed-cavity experiment, however, should have a small gap of a few ω r due to the fact that the continuous U (1) symmetry is an approximate symmetry [30] . Note that these are in sharp contrast to the self-organization in a linear cavity, where only a discrete Z 2 symmetry is spontaneously broken and the first excitation gap closes at the critical pump strength but then re-opens again [24, 41, 43] .
Due to a nonzero cavity-field decay rate κ = 0 the excitation frequencies can acquire imaginary parts, which would indicate the damping of the excitations [24, 41] . This would in turn result in friction forces on the atoms. Above the critical pump strength η c , all the collective excitations except the gapless Goldstone mode acquire imaginary parts. This is illustrated in the inset of Fig. 3 , which shows the imaginary part of the lowest mode as a function of √ N η/ω r . Although it is damped for small pump strengths, it vanishes at the critical pump strength √ N η c ≈ 1.38ω r (recall that the corresponding real part vanishes at the slightly lower pump strength η G , where the damping reaches its maximum value), in agreement with the mean-field results [see Fig. 2(a) ]. This means that the center of mass of the entire modulated BEC can move freely along the cavity axis without experiencing any friction, once again illustrating the supersolidity of the system. The fact that supersolidity survives even in presence of dissipation is due to the fact that the corresponding Lindblad operators respect the U (1)-symmetry of the system. This is in contrast to the supersolid realized in the crossed-cavity setup, where the Goldstone mode involves photon-number redistribution between the two cavities and should therefore be damped by photon losses.
Around the critical point η c , the atomic momentum states ± k c are the dominant atomic fluctuations coupled to the cavity fluctuations. This can be seen from the inset of Fig. 2(a) , where the quantities |N ±j | with j = 1, 2 are shown as a function of √ N η/ω r . For η η c , N ±1 (the black solid curve) are the dominant quantities. It is, therefore, a good approximation to restrict atomic fluctuations to the momentum states ± k c . Using the homogeneous solution (i.e., the solution below the Dicke transition) α 0± = 0 and ψ 0 = N/λ c , one can diagonalize Eq. (4) in this restricted subspace. The zero frequency ω = 0 solution yields the critical pump strength [40] ,
which is in full agreement with the numerical results. Experimental Detection of the Supersolid State.-As discussed earlier, in our system the spontaneous breaking of the continuous translational symmetry corresponds to fixing the value of the relative phase of the two cavity modes. This can be monitored non-destructively by recombining the cavity outputs through a beam spitter. In particular, the system can be in real time repeatedly driven across the superradiant phase transition by sweeping the pump strength across the threshold to verify the uniform distribution of the relative phase in the interval 0 − 2π, similar to experiments with linear cavities [13, 43] . Experimental setups coupling a BEC into fields of a ring cavity already exist for almost a decade now [19] [20] [21] [22] . Therefore, the discussed phenomena could be observed with only minimal changes to current stateof-the-art experiments.
Outlook.-Our driven-dissipative supersolid is essentially different than other proposed driven-dissipative supersolid states in Jaynes-Cummings-Hubbard lattices [44, 45] , in that the latter ones are only the lattice supersolid with a broken discrete symmetry and no gapless Goldstone mode [46] . Crucially due to the genuine supersolidity and existence of the undamped gapless Goldstone mode, our proposal may have applications in precision measurements. By monitoring the relative phase between the cavity modes one can nondestructively follow the displacement of the BEC in real time. However, there is no back-action of the light field onto the BEC motion (apart from the one induced by the measurement of the phase) due to the existence of the undamped gapless Goldstone mode. Therefore, it could be used as a free-falling zero temperature mass for gravitational acceleration measurements, as an alternative to the atomic fountains [47] [48] [49] [50] . We defer the investigation of the performance of such a device to a future work.
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SUPPLEMENTAL MATERIAL
Here we present the details of the derivation of the mean-field equations [Eq. (2) 
MEAN-FIELD EQUATIONS
The Heisenberg equations of motion of the photonic and atomic field operators can be obtained using the many-body effective Hamiltonian H eff , given in the manuscript, as 
effψ , (S1) whereN = ψ † (x)ψ(x)dx,N ±1 ≡ ψ † (x)e ∓ikcxψ (x)dx, andN ±2 ≡ ψ † (x)e ∓2ikcxψ (x)dx. Here we have added field damping terms proportional to the cavity decay rate κ. By replace the photonic and atomic field operators with their corresponding quantum averages,â ± (t) → â ± (t) = α ± (t) = |α ± (t)|e iφ±(t) andψ(x, t) → ψ (x, t) = ψ(x, t) = n(x, t)e iθ(t) , respectively, one obtains the three mean-field coupled equations (2) in the manuscript.
LINEARIZED EQUATIONS
Assuming ψ(x, t) = e −iµ0t/ [ψ 0 (x) + δψ(x, t)] and α ± (t) = α 0± + δα ± (t), where ψ 0 (x) and α 0± are the mean-field stationary-state solutions of Eq. (2) 
where N (0) ±2 = n 0 (x)e ∓2ikcx dx and we have defined A ± (x) ≡ U α 0± + α 0∓ e ∓2ikcx + ηe ∓ikcx for shorthands. Since the linearized equations (S2) couple δψ and δα ± to their complex conjugates, we make the ansätze δψ(x, t) = δψ (+) (x)e −iωt + [δψ (−) (x)] * e iω * t and δα ± (t) = δα 
